Abstract. The aim is to construct a straight line between the two endpoints of a rectifiable curve using only a ruler, which is too short to connect them directly.
Introduction
We can divide the curve into sections, who are at most as long as the short ruler. It let us connect the end points of these sections creating a polygonal line with the same start and end point as the curve. We can connect consecutive midpoints of the polygonal line by the ruler and shorten it in this way.
The iteration of that midpoint method is called the short ruler method and corresponds to a difference equation. In a normed vector space the difference equation is linear and explicit solvable. The solution converges to the shortest path between start and end point: the straight line. That's the main result in the first section.
In the second section we look at cylinders, which are generated by extruding a simple closed curve. But thus, they can be unwinded into a plane and the canonical cover transports the short ruler method between plane and cylinder.
The results from the plane apply to the cylinder: Iterating the midpoint method, a curve converges to a homotopic geodesic. In contrast to straight lines in a normed vector space this geodesic doesn't have to be a shortest path on the cylinder.
Normed vector spaces
In the following section (V, · ) denotes a normed vector space. We want to shorten an arbitrary curve in it, which is parameterized by arc length: α : [0, aL] − → V . After constructing a polygonal line along the path, we define the midpoint method for it. The polygonal line converges to the straight line between start and end point of α by iterating the midpoint method.
Remark (construction).
From the path α, we construct the nodes of a polygonal line by:
Hereby, α is assumed to be extended to R constantly: α(< 0) = α(0) and α(> aL) = α(aL). Hence, we get finitely many different points: p 0 , . . . p n with n = a Since α is parameterized by arc length, the points are interconnectable by the short ruler:
1.1. Midpoint method 1.2 . Definition (midpoint method). Following linear operator substitutes the nodes of the polygonal line by their midpoints:
It's possible to transform the constructed polygonal line in this way with the short ruler (triangle inequality).
Lemma (solution).
The iteration of the midpoint method is p t k := (S t (p)) k and corresponds to the partial linear difference equation
This difference equation has following solution:
Proof by induction over t. t = 0:
Lemma. For each t ∈ N the straight line between start point p 0 and end point p n of the path α can be considered as polygonal line with nodes:
Proof. For t ∈ N and k ∈ Z we define:
The sequence (a t k ) k∈Z is monotonic increasing since no summand is negative. All a t k are in the interval [0, 1], because for k ≤ 0 it holds that a t k = 0 and for k > t we get with the binomial theorem:
are in a row on the straight line between start and end point:
The polygonal line with nodes (g t k ) k∈Z represents the straight line between p 0 and p n .
1.5. Theorem (result). The polygonal lines converge uniformly in the normed vector space V to the straight line between start and end point of the path α:
Proof. We define g ≤0 := p 0 and g >0 := p n . That's just the sequence from Lemma 1.4 for t = 0 and at the end of the proof, we will see that transforming these nodes of the straight line by the midpoint method produces other nodes of the same straight line: 
The numbers n and M are constant and for
holds that x 0 = 1 and for j ∈ N >0 :
Since 1 + s ≤ exp(s) for s ∈ R, the sequence (x t ) t converges to 0:
Therefore, the subsequence S 2t y t∈N converges uniformly to 0.
and lemma 1.3 the same result holds for the subsequence S 2t−1 y t :
Therefore ∀ε > 0 : ∃r ∈ N : ∀t > r : sup
The operator S is linear and S t (p−g) = S t p−S t g converges uniformly to 0. Given lemma 1.3 and the definition of g, it holds that:
Altogether, the polygonal lines with nodes S t p converge uniformly to this straight line between start and end point of the path α.
Cylinder
Extruding the image of a simple closed curve generalizes a cylinder: Z ⊆ R 2 ×R m . Again, we want to shorten an arbitrary curve in it, which is parameterized by arc length: β : [0, aL] − → Z. For this, we unwind the generalized cylinder along the curve into the vector space R × R m . Thereby the short ruler method for vector spaces is transported to the cylinder producing polygonal geodesics. These converge to a geodesic, which connects start and end point of the curve β.
Definition (generalized cylinder). A simple closed path
which is parameterized by arc length, generates a generalized cylinder:
2 be a simple connected path andξ its periodical extension to R. For every t ∈ R the following restriction ofξ is homeomorphic:
For all σ, τ ∈ [t, t + λ[ with same function valueξ(τ ) =ξ(σ) it holds that:
Thereby, all arguments of ξ are in [0, λ[. But the restriction of the simple closed path ξ to [0, λ[ is injective:
Hence, it's τ ∈ σ + Zλ. On the other side, |τ − σ| is less than λ and τ equals σ. 
The inverse of the bijection from (c) is continuous, i.e., the bijection is an open map:
That's shown indirectly: Let be r ∈ ]t, t+λ[ and ε > 0. Then for every δ > 0 there would exist an s ∈ ]t, t+λ[ with |s − r| ≥ ε and: ξ (s) −ξ(r) < δ
Given the continuity ofξ on R in the closure of ]t, t + λ[ there would be another argument s ∈ [t, t + λ] witĥ ξ(s) =ξ(r) and |s − r| ≥ ε, therefore would be s = r.
If s = t + λ, the arguments t and r would have the same function valueξ(r) =ξ(s) =ξ(t + λ) =ξ(t), sincê ξ is periodic. But they must be different, because r ∈ ]t, t + λ[. Without loss of generality, there would be an argument s ∈ [t, t + λ[, which is different from r but has the same function value. As that's a contradiction to the injectivity ofξ on [t, t + λ[ (b), the bijection has to be open.
Altogether, the restriction is homeomorphic.
Definition.
A subset A of a topological space B is discrete iff all a ∈ A are isolated, i.e. if there are neighborhoods V in B, such that A ∩ V = {a}. For another topological space X a continuous function π : B − → X is called discrete iff the set π −1 {x} is discrete for every x ∈ X. [3, p. 20] 2.4. Definition. A discrete function π : B − → X from one topological space to another is a cover of X iff for all x ∈ X exists an open neighborhood U of x and a homeomorphism φ : unique preimage under it and has the following preimage under the periodic continuationξ:
The preimage of (z, v) under π is discrete, because it can be identified with the discrete set Z:
Since every (v, z) has a discrete preimage, the function π is discrete.
(c) Let be t ∈ R withξ(t) = z, e.g.
, and:
Then, U is an open neighborhood of (z, v) and like in (b) it has the preimage:
Given that the cover π =ξ × id is continuous, the following function is continuous, too:
The identity id : R m − → R m is homeomorphic and together with Lemma 2.2 we get the homeomorphism:
The image V creates the domain of φ, because with (c) we can write π −1 (U ) as V + λZ × {0}. Thus, φ has the continuous inverse:
2.1. Unwinding 2.7. Theorem. For topological spaces B and X and a cover π : B − → X, every path in X can be lifted uniquely over π to B after choosing a start point:
Given the definition 2.4 of the cover, for each point x ∈ X we denote the neighborhood of x with U x and the corresponding homeomorphism with φ x such that: 
The diagonal ∆ is closed: 
Therefore and since π •α = π • α, for all σ ∈ T the projection pr : U π(v) × {v} − → U π(v) yields:
This projection pr and the φ π(v) are homeomorphic and for σ ∈ T it holds that: 
There exists a Lebesgue number 1/n with n ∈ N: In the open cover (U x ) x∈X there's a neighborhood for each subset of the interval [0, 1], whose diameter is at most 1/n.
For k ∈ {0, . . . n − 1} the sub interval k n , k+1 n has diameter 1/n. Let be x k ∈ X the point, whose corresponding open set β −1 (U x k ) covers this interval:
recursive by setting α(0) := w ∈ π −1 {β(0)} as start point. And if α(k/n) ∈ π −1 {β(k/n)} is defined for one k ∈ {0, . . . n − 1}, we set:
This definition makes sense, because φ
is homeomorphic and with (b) is:
, because for all τ ∈ k n , k+1 n it holds that:
Thus, α is well-defined on the whole interval [0, 1].
(d) On the sub intervals α is continuous, because it's composed by a homeomorphism and a path. It remains to show, that for all k ∈ 1, . . . n:
⇐⇒ π α k n = β k n and that's true given (c).
After all, we constructed a path α : [0, 1] − → B, which has the start point α(0) = w and is a lift of β over π: π • α = β.
Corollary (unwinding).
Each curve on a generalized cylinder can be lifted onto a real vector space:
Let be ξ : [0, λ] − → R 2 the simple closed path, which is parameterized by arc length and generates the cylinder:
Its continuous continuationξ produces the cover (see lemma 2.5): 
For points x, y ∈ Z we define:
is a locally shortest path, i.e., there's a constant velocity v ≥ 0 such that:
be a path on a generalized cylinder parameterized by arc length and q k := β(kL) the constructed nodes of a polygonal geodesic.
The map π :=ξ × id : R × R m − → Z covers the cylinder, for an arbitrary start vector w ∈ π −1 (β(0)) we get:
(1) Lifting β by the cover π leads to a unique path with start point w in the vector space:
The constructed nodes p k ∈ R × R m from α correspond to the constructed nodes from β on the cylinder:
Applying repeatedly the midpoint method to the points p in the vector space R × R m generates nodes of polygonal geodesics on the cylinder: Then, it holds that:
(c) For all r, s ∈ [0, 1] the distance between the points ψ(r) and ψ(s) on the cylinder is at most v|r − s|, since the distance is the infimum of all lengths of paths, which connect the two points on the cylinder, and ψ| [r,s] is such a path. Because without loss of generality, we assume r < s and it holds that:
Given (a), the path ψ is π • ϕ = (ξ × id) • ϕ: The first components are ψ(t) x =ξ(ϕ(t) x ) and the last components are ψ(t) y = ϕ(t) y . Sinceξ is parameterized by arc length, it holds that:
Together with the parameterization ϕ(t) = ϕ(0) + tφ from (a) the distance is at most: We choose δ := λ/4v for all t and r, s ∈ ]t − δ, t + δ[ arbitrarily. Without loss of generality, we assume that r is less than s. The distance between ψ(r) and ψ(s) is the infimum of all lengths of paths, which connect the two points on the cylinder. Let be β : [r, s] − → Z such a path. Given theorem 2.7 and since π • ϕ(r) = ψ(r), there's an unique path:
. Then, the path β has at least the length:
Since r and s are in the δ-neighborhood of t, the distance |r − s| is less than 2δ and altogether it holds that:
. Then, the path α remains in the open neighborhood:
Like α, the path ϕ remains in V : Given the parameterization ϕ(t) = ϕ(0) + tφ from (a), for all σ ∈ [r, s] it's:
Thus, the restriction π| V transports the paths α and ϕ to β and ψ, respectively, and α(s) equals ϕ(s), because π V is homeomorphic like in the proof to lemma 2.5 and:
π| V (α(s)) = β(s) = ψ(s) = π| V (ϕ(s)) Given this and the parameterization ϕ(τ ) = ϕ(0) + τφ from (a), it holds that: α(r) − α(s) 2 = ϕ(r) − ϕ(s) 2 = ¨φ (0) + rφ −¨φ(0) − sφ 2 = |r − s| φ 2 = v|r − s|
Since the length of β x is the supremum of lengths of approximating polygonal lines, for an arbitrary ε > 0 there's a dissection r = σ 0 < · · · < σ l = s with: Altogether, for r, s ∈ ]t − δ, t + δ[ the distance d(ψ(r), ψ(s)) is on one side at most v|r − s|, on the other side at least v|r − s| and so it must be equal.
But the shortest curve has the length 0 as it's constant: τ → (ξ(0), 0).
Altogether, the polygonal lines of the short ruler method converge to the geodesic γ, which is homotopic to β but in general not a shortest path.
